The conformal anomaly for 4D gravity-matter theories, which are non-minimally coupled with the dilaton, is systematically studied. Special care is taken for: rescaling of fields, treatment of total derivatives, hermiticity of the system operator and choice of measure. Scalar, spinor and vector fields are taken as the matter quantum fields and their explicit conformal anomalies in the gravity-dilaton background are found. The general structure of the conformal anomaly is examined. It is shown that the dilaton affects the conformal anomaly characteristically for each case: 1)[Scalar] The dilaton changes the conformal anomaly only by a new conformal invariant, I 4 ; 2)[Spinor] The dilaton does not change the conformal anomaly; 3)[Vector] The dilaton 1 e-mail : ichinose@u-shizuoka-ken.ac.jp 2 e-mail : odintsov@quantum.univalle.edu.co 1 changes the conformal anomaly by four new (generalized) conformal invariants, I 4 , I 2 , I 1a , I 1b . We present some new anomaly formulae which are useful for practical calculations. Finally, the anomaly induced action is calculated for the dilatonic Wess-Zumino model. We point out that the coefficient of the total derivative term in the conformal anomaly for the 2D scalar coupled to a dilaton is ambiguous. This resolves the disagreement between calculations in refs. [3, 4, 5, 6] and the result of Hawking-Bousso [2] .
Introduction
Stimulated by string theory, the higher dimensional approach to the 4D theory becomes gradually important. Indeed it provides fruitful possibilities for theoretical analysis. Kaluza-Klein type dimensional reduction is the most popular one. However realizations of such reductions depend on the chosen higher dimension, the method of reduction, the choice of a symmetry ansatz, and so on. At present there seems to be no fixed rule to find the "right" one. We first note that, in low-energy effective actions, some characteristic fields, such as the dilaton and the anti-symmetric tensor commonly appear as remnants of the extra dimensions. Through the study of the dynamical effect of such fields, we can learn some common features of 4D effective theories that the higher-dimensional theories produce in the low energy limit.
We focus on the dilaton field for simplicity. Its effect on the Weyl anomaly is examined. We start from the Weyl invariant action in order to set up the problem clearly. The coupling of the dilaton is fixed by keeping the Weyl symmetry. The most characteristic aspect is its exponential form. Furthermore it couples to most fields just like the gravitational field itself. ( From the standpoint of the string theory or Kaluza-Klein theory, this is a natural aspect because the dilaton comes from a gravitational component in the compactified dimensions.) We treat the dilaton as the background field in the same way as the gravitational field. We take the standpoint that the quantum treatment of the dilaton, like the gravitational field, should be explained by the string theory.
It is interesting that the dilaton is expected to play a role of a coupling in string theory. Indeed, in the present treatment, the dilaton is invariant under all symmetry transformations and behaves just like a coupling constant except that it depends on the space coordinates. The dilaton transforms as a scalar under the general coordinate transformation. Under the Weyl transformation, it does not change
In this point the dilaton transforms differently from the scalar field except in the 2D space (see Appendix C), which is natural because of the dimensional difference between the dilaton and a scalar field.
As for the role of the dilaton, some interesting arguments have been presented recently. Even at the classical level, the dilaton can make the singularity behaviour weaker in the early universe cosmology [1] . In 2D or 4D black hole physics, its presence influences the Hawking radiation [2, 3, 4, 5, 6] . As for a recent development using the conformal anomaly, we note ref. [7] where a nonperturbative approach to the conformal field theory in higher dimensions is presented ( for early works in the study of higher dimensional conformal field theory, see [8] ). The conformal anomaly in 4D dilaton gravityvector has been recently found in [9] where the induced action is examined and by [10] where the general structure of the conformal anomaly is analysed.
The above is the general background to the present work. In the following we will concretely analyse the following points.
3. In the evaluation of the anomaly we pay attention to the following points: the arbitrariness of total derivatives or partial derivatives in the operators, rescaling of fields and the choice of measure.
4. We present some useful anomaly formulae and show how to use them.
5. We check the previous work, which is obtained as a special case : dilaton field = const by using a different approach (heat-kernel regularization and Fujikawa method).
In Sec.2 the scalar theory is considered. This is the simplest case and is the best model in which the present analysis is explained. In Sec.3 the vector theory is considered. We must take into account the gauge fixing which introduces some complication. It breaks the Weyl symmetry as well as the gauge symmetry. The final result is therefore highly non-trivial. In Sec.4 we treat the spinor theory. It turns out that the dilaton does not affect the spinor theory. Finally we discuss the anomaly induced effective action. As an example the dilatonic Wess-Zumino model is considered. In appendix A and B, we derive useful anomaly formulae used in the text. We use heat-kernel regularization for the ultra-violet divergences and follow the Fujikawa method [11] . The results turn out to be the same as the counterterm formulae already obtained by other authors, where dimensional regularization was used and the (log-)divergent part of the effective action was calculated. In the present approach the anomaly term is definitely determined (no ambiguity of the total divergence) once the system operator (elliptic differential operator) and the regularization are fixed. In appendix C the Weyl transformations of various fields are listed. In appendix D, the list of "trivial terms" is presented. In appendix E we discuss the conformal anomaly for a two-dimensional dilaton coupled scalar.
Trace anomaly for 4D dilaton coupled scalar
Let us start with the Lagrangian
where ϕ, g µν and φ are the scalar, graviton and dilaton fields, respectively. The form of P (φ) is often chosen to be const × φ, but we will keep a more general form. We treat g µν and φ as the background fields and the scalar matter field, ϕ, as the quantum field. At the value of ξ = − 1 6 , (2) is exactly (not ignoring total derivatives) conformally invariant.
In order to normalize the kinetic term of the scalar field, we rescale it as
Adding a total derivative term, S 1 changes to
We do the second rescaling in order to make the integration measure BRSTinvariant [12] with respect to (w.r.t.) 4D general coordinate symmetry.
We can write S as
We cannot take the following actions (compare it with the 2D case [5] ):
These two actions, in the P (φ) = const case, differ from (2) only by a total derivative. For the general case, however, they are not conformally invariant even for ξ = − . The dilaton can select the coupling with the ordinary matter fields among some possibilities which differ only by the total derivative term (surface term) at the P (φ) = const limit. Note that the operator from 4 A way to avoid the rescaling (5) is to take fully the dilaton coupling into the operator:
. This is, however, not hermitian(
It should be compared with D 2 in the previous footnote.
We generally have the freedom of the choice of surface terms (like (6) ) and of rescaling the variables ( like (5) and (7) ). We cannot keep S 1 as the action, because the corresponding operator
, is not hermitian due to the presence of the first derivative term. We can define the functional space F , in terms of the eigen functions of D, as :
The inner product between functions and the hermite conjugate of the operator D are defined as
Under this definition, the hermiticity of the operator D in (8) holds true. Taking the eigen functions {u n } orthonormal, the integration measure is given by
This rather standard procedure is important especially in the dilaton coupled system in order to precisely fix the integration measure [5] . We note that the requirement of the hermiticity of the system operator D plays an important role here. In Appendix A, the anomaly formula for
√ g with arbitrary background scalar M is obtained in the present approach (the heat-kernel regularization and Fujikawa method):
where "Tr " means "trace" over the field suffix i:
M ii and (1) ij = δ ij . Formula (12) ( and the vector version (30) appearing later ) is the same as the counterterm formula given in [13, 14, 15] where dimensional regularization was used. Taking N s = 1 for the present case we find
This result is consistent with [16] where dimensional regularization was used. The above result is not a conformal anomaly in the strict sense because D of (8) is not conformal invariant for the general value of ξ. At the classical conformal limit ξ = − 1 6 , the above result reduces to the "true" conformal anomaly:
where C µνλσ and E are the conformal tensor(Appendix C) and the Euler term, respectively, which are defined by
In (14) we notice two conformal invariants:
and two "trivial" terms (Appendix D) J 0 and J 2a :
The numbers of lower suffixes in I 0 , I 4 , J 0 , K 0 , etc, show the power numbers of P ( see Appendix D). We note that I 4 and J 2a are caused by the presence of the dilaton. Two terms J 0 and J 2a in (14) are arbitrarily adjusted by introducing finite counterterms, K 0 and K 2a respectively, in the original (local gravitational) action. This result says the conformal anomaly at ξ = − 1 6 consists of two conformal invariants (I 0 , I 4 ), the Euler term( √ gE) and two trivial terms (J 0 , J 2a ). This confirms the general structure of the conformal anomaly discussed in [17, 18, 10] . 2D case which is qualitatively the same is discussed in appendix E.
Trace anomaly for 4D dilaton coupled vector
In this section we consider the dilaton coupled photon system. The action is given by
Besides the 4D general coordinate symmetry, this theory has the local Weyl symmetry:
and it has the Abelian local gauge symmetry:
We take the following gauge-fixing term:
The corresponding ghost lagrangian is
wherec and c are the anti-ghost and ghost fields respectively. They are hermitian scalar fields with Fermi statistics (Grassmannian variables). The total action S[A,c, c; g, φ] = S V + S gf + S gh is invariant under the BRST symmetry
where ξ is the BRST parameter which is a global Grassmannian variable. S gf breaks the Weyl symmetry (19) , besides the gauge symmetry (20) . Therefore we must take close care to define the conformal anomaly in gauge theory. It is highly non-trivial whether the general structure suggested by Ref. [17, 18] holds true in this case. We assign the following Weyl transformation toc and c [19] :
which is chosen in the following way: i) the ghost action (22) is invariant under global Weyl transformation (α(x) is independent of x) ; ii) S gf + S gh is invariant, up to a "BRST-trivial" term, under infinitesimal local Weyl transformation. After rescaling the vector and ghost fields ( for normalizing the kinetic term): e 1 2 P (φ) A µ = B µ , e P (φ)c =b the actions can be expressed as
Following Fujikawa [12] , we take ( 4D general coordinate transformation symmetry) BRST-invariant measure by takingB µ ,b andc instead of B µ ,b and c respectively, as the path-integral variables 5 :
The measure is also invariant under the BRST transformation w.r.t. the Abelian gauge symmetry:
where Γ[g, φ] is the (Wilsonian) effective action. The Weyl transformation of (19) and that of the integration variables
give us the Ward-Takahashi identity for the Weyl transformation:
Considering the infinitesimal transformation (δg µν = 2αg µν , δB µ = αB µ , δc = 2αc) in the above equation, and regularizing the space delta-functions δ 4 (x − y) in terms of the heat-kernels, we obtain
where t is the regularization parameter: t → +0. The part of variation w.r.t.S gives the "naive" Ward-Takahashi identity, while the remaining two terms (terms with "Tr") give the deviation from it. (Compare this with the conformal gauge identities in gauge theories on curved space without the dilaton [15] .) Therefore the last two terms can be regarded as the Weyl anomaly in this theory.
The anomaly formula for the differential operator D
Putting all explicit equations (25) into this formula, the vector contribution to the Weyl anomaly is finally given by
Terms in the first big bracket ({ }) show the even power part of P (φ), while those in the second show the odd power part. The ghost contribution to the Weyl anomaly is obtained from (12) with M = 0 as
The factor −2 comes from the two fields of the ghosts c andc and their Fermi statistics. There are no dilaton(P)-terms in the ghost part. T 1 + T 2 gives the final result of the Weyl anomaly. It is given by the Euler term( √ gE),
five Weyl invariants (I 4 , I 2 , I 1a , I 1b , I 0 ) and four trivial terms(J 3 , J 2a , J 2b , J 0 ) which are defined in Appendix D:
This result again confirms the general structure of the conformal anomaly analysed in [17, 18, 10] . A slightly generalized aspect of the above result is that the new terms, I 2 , I 1a and I 1b , are conformally invariant not exactly but only up to total derivative terms. See appendix D for details. The conformal anomaly for the ordinary photon-graviton theory (without the dilaton) is correctly reproduced for P (φ) = const [20, 21, 22 ].
Trace anomaly for 4D dilaton coupled spinor
The dilaton can be introduced into the (Dirac) spinor-gravity system keeping the Weyl invariance as follows:
It is invariant under the Weyl transformation:
We can absorb all P (φ) dependence by the rescaling of fields:
whereχ = 4 √ gχ andχ = 4 √ gχ. Therefore the dilaton does not change the conformal anomaly in the spinor-gravity theory as far as we take the appropriate measure: DχDχ = D( 4 √ ge P/2 ψ)D( 4 √ ge P/2ψ ).
Induced Action for Dilatonic Wess-Zumino model
In the present section we apply the previous results to the dilatonic WessZumino (WZ) model and discuss the conformal anomaly and the anomaly induced action. The model may be constructed following the book by Wess and Bagger [23] . We suppose that the model is coupled with the external gravitational multiplet and the external dilaton (chiral) multiplet Ψ. Then using the notation of above book we may write the conformally invariant action:
where Φ = A + √ 2Θχ + . . . and Ψ = φ + · · ·. Choosing only the bosonic background for Ψ and eliminating the auxiliary fields leads to the following component form of WZ action.
where we take the choice φ * = φ for the dilaton. A is the complex scalar and χ is the Majorana spinor.
The conformal anomaly for the system may be found as follows
b ′′ and a ′ are ambiguous as they may be changed by some finite counterterms in the gravitational action.
The nonlocal effective action may be found by integrating the Weyltransformed anomaly equation:
The final expression for the anomaly induced effective action W is given as
where W is in a covariant but non-local form via
Here ∆ is the conformally invariant 4-th order differential operator (Appendix D). For the case a = a ′ = 0, the result (41) coincides with Ref. [24] . Note that it is the effective action (41) that may serve as a starting point for constructing IR sector of the dilatonic gravity in the analogy with the purely gravity case of [27, 28] .
From another point using eq.(41) one can study the backreaction problem for the dilatonic WZ model. Here new possibilities are expected to appear in constructing the inflationary universe induced by the model. We hope to return to this question in more detail in future.
Conclusion
We have shown how the dilaton affects the conformal anomaly in various gravity-matter theories. The dilaton has the same status as the gravitational field. We summarize the results of this paper by writing the anomaly T S , T V and T F for the scalar, the vector and the Dirac fermion respectively:
For the system with N S scalars, N F Dirac fermions and N V vectors, the conformal anomaly is given by
This is the dilaton generalization of a result in Ref. [17] . "Trivial terms" depend on the choice of regularization, measure and finite counterterms [5] . Their meaning is not very clear ( at least, in the perturbative approach).
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On the other hand, the coefficients b's are clearly obtained and depend only on the content of the matter fields. They remind us of the critical indices in condensed matter physics.
In Sec.5 we have presented the anomaly induced action for the dilatonic Wess-Zumino model by integrating the conformal anomaly equation w.r.t. the Weyl mode. It is known that some anomaly equations like those of QED or λφ 4 theory on the curved space (with account of matter interaction) can not be integrated because of the presence of R 2 -term in the anomaly [24] . Recently, in Ref. [9] it is noted that the anomaly for the free photon on the dilatonic curved space (33) , cannot be integrated because of the presence of the new type (generalized) conformal invariants I 2 , I 1a and I 1b . In other words, a covariant anomaly induced effective action cannot be constructed for a dilaton coupled vector. It indicates some speciality of the gauge theory in comparison with the scalar and fermion fields. It could be possible to construct only non-covariant anomaly-induced effective action in the dilatoncoupled vector case. Probably, such an action still could lead to a correct conformal anomaly like in the case with Chern-Simons invariants. It is also interesting to note that our results maybe well applied to SUSY dilaton coupled theories like Wess-Zumino model (for two-dimensional case, see [35] ).
If string theory or other alternative theory (like M-theory) takes over local field theory, the latter formalism should show some theoretical breakdown at some scale such as the Planck mass. At present some pathological phenomena, such as the entropy loss problem in the black hole geometry could look like such a breakdown. We note here that the conformal anomaly is considered to be a key factor in the Hawking radiation phenomenon. In the transitive period from local field theory to string field theory, "intermediate" fields such as the dilaton are thought to play an important role in understanding new concepts involved in the Planck mass physics. The Weyl anomaly occurs quite generally for most ordinary conformally invariant field theories. It shows that the quantization of fields necessarily breaks the scale invariance. It is always related with the ultraviolet regularization. On the other hand it is frequently suggested that string theory could predict some minimal unit of length in space(-time). The effect of such a unit length on its field theory limit could be related to the conformal anomaly phenomenon. We hope the present results are helpful in examineing such problems.
Appendix A. Anomaly Formula for Scalar Theories on Curved Space
In this appendix we derive an anomaly formula for the general differential operator
which frequently appears in the scalar theories on curved space. 1 is the unit matrix with the size of the field indices: (1) ij = δ ij ; i, j = 1, 2, · · · , N s . We proceed in three steps.
Flat space For the case of the flat space : g µν = δ µν the operator reduces to −∂ 2 − M and the anomaly is known [32, 33] as
where "Tr " means "trace" over the field suffixes i:
From the general covariance the most general form which reduces to (46) in the flat space can be expressed as
where a 1 · · · a 4 and c 1 are some constants to be determined.
iii) Determination of constants First we consider the case M = R which corresponds to the case:f (φ) = 1, ξ = − in Sec.2. The above result (47) says
Comparing this with the well-established result (say, eq.(40) of [32] )
we obtain the first set of constraints on the constants.
, a 2 = −1 180 ,
Next we consider the case of the weak gravity (g µν = δ µν +h µν , |h µν | ≪ 1) for the general operator (45) in order to fix the value of c 1 . The operator is expanded as
Now we focus on the term (c 1 /(4π)
The conformal anomaly from (51) is independently obtained by the result of [32] ((38), Table I ) taking W µν , N λ , M in the reference as given above:
This shows
(50) and (53) fix all constants. Finally we obtain the anomaly formula for (45) as
As noted in the text, this result ( and (30) to be derived in the next appendix ) is the same as the counterterm formula (say of ref. [13, 14, 15] ) where dimensional regularization was taken.
Appendix B. Anomaly Formula for Vector Theories on Curved Space
In this appendix we derive the anomaly formula for the operator
which generally appears for the vector fields on the curved background. N λ and M are general covariants. We proceed in the similar way as in App.A.
i)Flat Space For the case of flat space g µν = δ µν , the formula appears in [32, 33] :
where the upper and lower indices do not have meaning in present case (g µν = g µν = δ ν µ are all the Kronecker's delta), but only do have a notational continuity with the next general case.
ii) Curved Space The anomaly formula can be first expressed as the most general form which reduces to (56) at the flat space limit:
where c 1 , c 2 , a 1−4 are some constants to be determined.
iii) Determination of constants iiia) First we consider a special case of (N λ )
, which is a special case of f (φ) = 1 in (18) and is the ordinary photon-gravity theory. Comparing the result from (57)
with the well-established result (say, eq.(2.14) of [29] )
we obtain
We give here a list of the weak-field expansion of the operator (55) for the use in iiib) and iiic).
. (61) iiib) Second we consider the case (N λ )
We focus on the RTr M term. The formula (57) gives
On the other hand, the anomaly can be independently obtained by the weakfield expansion (61) and the anomaly formula eq.(38) and TABLE I of ref. [32] :
and we obtain
iiic) With the purpose of determining c 2 , we consider the M = 0 case with a general N λ : D 
where
(δ µν + Z µν )N ν and (δ µν + W µν )(δ νλ + Z νλ ) = δ µλ · 1. Therefore we obtain c 2 = +1 .
Finally we obtain
, a 3 = 0 , a 4 = − 1 180
,
and the general formula is given by (30) .
Appendix C. Weyl Transformation
We list here some formulae of Weyl transformation for various fields. Only in this appendix the space(-time) is n-dimensional. 
The well-known conformal coupling is recognized from the relation:
v) Dilaton
We note the dilaton and the scalar transform in the same way only in the 2D space:
Here we see √ g(∇ µ φ · ∇ µ φ) n/2 is conformal invariant in n-dim space. In the text the general form of the dilaton coupling e P (φ) is used instead of e const×φ . We may substitute P (φ) for φ in the above formulae (e.g. P ,µν ′ = P ,µν − (α ,µ P ,ν + α ,ν P ,µ − g µν α ,λ P ,λ )).
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